Let R be an integrally closed domain and x¡, y¡ (l<i'<n, l^j^m) Ä-sequences. Let
It is known ( [2] , [3] ) that the monoidal transform of a domain R with respect to an ideal /is normal (i.e., integrally closed) if high powers of I are complete, and that the converse holds provided that R is Noetherian. However, in most instances, the criterion of completeness is not very practical for proving integral closure. This paper is concerned with the simplest case, namely the preservation of integral closure of a domain R upon adjunction of a quotient ajb of certain elements of R. The condition on a, b is symmetric so this work may alternately be viewed as an investigation of the completeness of the ideals (a, b)k for all large k. I would like to thank the referee for a number of helpful suggestions.
The following notation will be fixed throughout. Let R be an integrally closed domain. Let xi,yj (l^i^n, l^j^m) be /^-sequences and let
where the a¿ and ßs are positive integers. If ai=---= an=l, then QTQ=yjTp. If some afc>l but/S, = -■■=ßm=\, then QTq=x¡Tq. Thus (*) implies that TQ is a discrete valuation ring (DVRj. (Note that if T is Macaulay, e.g. if R is Macaulay, the proof is finished since we have shown that TQ is a DVR for all rank 1 primes.) To complete the proof, we consider the case Q'^(xi,yj)R [t] .
In this case Q'l(Xi,y,)R[t] is a prime ideal of rank^l in the domain *M/(Wi)*MIt follows that Q' contains an JR-sequence of length 3. Thus Q contains an /^-sequence of length 2 and cannot belong to a principal ideal. D If R is not Noetherian, one might drop down to a Noetherian subring R0. However, in general, the ideals (x¡, y^R^ will not be prime. This technique will work in the following case. We conclude with a remark concerning the general case of a monoidal transform of a domain R with respect to an arbitrary ideal I. In [5] it is proved that /* is complete for all k if the following conditions are satisfied:
(1) R is integrally closed, (2) r)f=0p=0, (3) Gj(R), the associated graded ring of R with respect to /, is a domain. Actually, the proof uses (1), (2) and the fact that Gj(R) contains no nilpotent elements so that (3) may be replaced by (3') Gj(R) is reduced. Thus, for example, if R is an integrally
